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Phase-Shifting for Nonseparable
2-D Haar Wavelets
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Abstract—In this paper, we present a novel and efficient solu-
tion to phase-shifting 2-D nonseparable Haar wavelet coefficients.
While other methods either modify existing wavelets or introduce
new ones to handle the lack of shift-invariance, we derive the ex-
plicit relationships between the coefficients of the shifted signal
and those of the unshifted one. We then establish their computa-
tional complexity, and compare and demonstrate the superior per-
formance of the proposed approach against classical interpolation
tools in terms of accumulation of errors under successive shifting.

Index Terms—Nonseparable, phase-shifting, 2-D Haar trans-
form, wavelets.

|I. INTRODUCTION AND RELATED WORK

N many image processing applications involving wavelets

[1] [12], data may need to be phase shifted. Due to lack
of shift-invariance of wavelets, simple operations such as trans-
lation and scaling require back and forth transformations [13].
One can achieve shift-invariance by relaxing the orthogonality
condition as in [14]. However, nonorthogonality makes the in-
terpretation of the correlation properties among the transform
coef cients more dif cult. Another approach is to introduce
redundancy by avoiding decimation [15] [19], which unfortu-
nately undermines wavelets use in compression and coding. A
more recent approach achieves shift-invariance through com-
plex wavelets [20] [23]. Complex wavelets prove to be useful
in solving the shift-invariance problem without compromising
many other properties. However, they often suffer from lack
of speed and poor inversion properties. A more successful at-
tempt in this category is perhaps the dual-tree complex wavelet
transform (DT-CWT) [24], [25]. Although DT-CWT provides a
good tradeoff between fully decimated wavelets and the redun-
dant complex wavelet transform, it does so by trading off the
compression capabilities.

Rather than modifying classical wavelets or designing new
ones, our goal is to establish a relationship between the coef -
cients of a transformed signal and those of its shifted version. Of
course, such a relation would be wavelet-dependent and may not
be straightforward. The key idea is that as long as the relation
is known, one can tackle shift-variance, since all coef cients of
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Fig. 1. Haar transform of the 2-D signal

is composed of the dc value
0 o and the detail coef cients | ., ! - and ! ., where ,
! ateach

L and ! .Theblurcoef cients ! .
level are used to help derive the equation for phase-shifting the signal ,
but are not used in the nal form of the equation. Only the rst three levels of
the tree are shown with one to avoid cluttering the gure.

a shifted signal can be mapped to those of the original 0-shift
signal. On the other hand, shift-variance is tackled without com-
promising speed and compression properties. Furthermore, es-
tablishing explicit relations between the coef cients of a signal
and those of its shifted version, would allow us to perform com-
pressed domain processing without requiring a chain of forward
and backward transforms. This is particularly of interest in data
compression and progressive transmission. Our focus in this
paper is on the nonseparable 2-D Haar wavelet transform due to
its additional desirable properties, such as symmetry and con-
servation of image aspect ratio through different compression
levels, which is important to applications that require progres-
sive reconstruction.

We derive explicit expressions for shifting data directly in the
Haar domain using only the available coef cients of the original
0-shift signal. We also show how our solution can be expanded
for noninteger phase shifts, and evaluate our approach against
popular interpolation methods in terms of accumulation of er-
rors through successive shifts.

Il. NOTATIONS AND SETUP

Let z(n,m) be a 2-D signal of size 2V x 2V, where N is
a positive integer. The Haar transform of x(n,m) can be ex-
pressed using a tree as in Fig. 1. The tree is constructed of NV
levels with z:(n, m) residing at the leaves, i.e., the N'th level. The
17th node at level [ in the tree is made to hold the 7;th blur coef-

cient A} ; and the detail coef cients a; ;, b} ;, and ¢} ;, where
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Fig 2. Blur coef cients at level

. In (@) (c), respectively, the rectangular windows show the coef cients included in evaluating

2 , 2 , and

0,0new

0.0pew
8 0nere Under a horizontal odd shift of one. These are evaluated by summing and subtracting the highlighted quadrants in the windows as shown in the d‘lagrams.

..... 2l —1l,and j = 0,.. 21—1.
We denote x(i ,J) as AN and let | = 0,...,N with a; =0,
bN =0,and ¢ i = 0. For brevity, we WI|| sometlmes refer to
the horizontal, vertical and diagonal detail coef cients by a, b,
and ¢, respectively.

Let
I 11 -1 -1
Xig =isa 1i2) F Paga), Lige) T ClijalLise)
I -1 l—
Yis = =y g2y + a0 — S
1 -1 l*
Zi =i s2 — blij), um Clij2).1i/2]
P - 1—
Wi = = a3y g2y = bijen iz T Lot @

The following formula shows the relation between the blur co-
ef cient Aﬁyj and its parent at level [ — 1:

AT

i/2,5)2 2 IS even, 7 IS even

x!
i/2,j/2’

By substituting (3) into (2), Dﬁ’ ; can be computed recursively
solely in terms of the detail coef cients as follows:

Dz/2 izt Xisa /e i is even, j is even

l .- ..
b /2 b2y T N iis even, j is odd
i DW2J SRR AR i 1s 0dd, j is even

7 isodd, j is odd
1=7=101=0.

Lz/2J sz Whisep iy

(4)

A 2-Dsignal can be shifted horizontally or vertically. Both types
of shifts affect the a} ;, b} ; and ¢} ; atall levels. At level N — £,
there are 2¢ x 2% nonredundant coef cient sets each of size
QN—k » 9N—k [26], where k = 1,...,N. A horizontal shift
sp=0,...,2Y — 1 oravertical shift s, =0,...,2" — 1 can
be one of the following possibilities:

a shift that is divisible by 2*;

an odd shift;

an even shift that is not divisible by 2*.

We derive the formulae for evaluating the a detail coef cients
under a horizontal shift s, for each of the three possibilities,
followed by similar derivations for b and ¢ detail coef cients.
Formulae for vertical shifts can be derived in a similar manner.

l Al/2 L2+ Y L2 i iseven, j is odd
Ai;= A1 iy i is odd, 7 is even I11. HORIZONTAL COEFFICIENTS FOR HORIZONTAL SHIFT
li/2],5/2 1i/2].5/2° !
AlLv_/2J G+ WLZ/2J Ll i is odd, 7 is odd. A. Sf?lft.lng by .a Multiple of 2 - . . .
(2) This is the simplest case. A shift s, in the discrete time do-
: 0 main that is equal to 2*v is a horizontal circular shift of the
We let 1; ; be the difference between AG ; and Aj ;, then 0-shift detail coef cients at level N — k by w, that is
Al =A) o+ Di . 3) i =l gan—rs k=1,..,N )
kG N N N N
v 2D (AN o+ AN G ) = (AN sean + -+ AN i) 6
iajnew - 4k ( )
m=2kq
where ji = 2% + s, o =225+ 1)+ s, s =25+ 1) + s ©)
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where 0 < u < 2V=% — 1 and% is the mod operation. Notice
that for levels N — (k—1), N — (k—2),..., N — 1 a horizontal
shift of 2¥« in the time domain is a horlzontal circular shift of the
coef cients at those levels by 2u, 22u, . . ., 21w, respectively.
In other words, a horizontal shift of 2%« in the time domain
shifts the coef cients at level N — & horizontally by u, while
shifting the coef cients at level N — (k — 1) horizontally by
twice as much, and the coef cients at level N — (k — 2) by four
times as much, and so on.

B. Shifting by an Odd Amount

By examining the tree in Fig. 1, we notice that [see (6) and (7),
shown at the bottom of the previous page]. Equations (6) and
(7) evaluate aff;:ekw by summing the rst half and subtracting
the second half of each row of blur coef cients at the leaves
level IV, which fall inside the window determined by the two
corners (2%i,2%j+sy) and (28 (i+1),2%(j+1) +s3). Fig. 2(a)
illustrates the evaluation of ag , using the blur coef cients at
level [ = 3 under a horizontal odd shift of one.

Substituting (3), (4), and then (1) into (7), we get the coef-

cients of the shifted signal as follows [see (8), shown at the
bottom of the page].

Note that at k = 1, jo is a noninteger value. When that is the
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C. Shifting by an Even Amount That is Not Divisible by 2%

In this case, sy, is divisible by 2¢, where 1 < ¢t < k — 1 and
2t is the highest power of 2 by which s;, is divisible. This al-
lows us to let s;, = 2tu, where « is an odd integer in the range
0 < u < 2N-t _ 1. This means that the coef cients at levels
N-1,...,N—tareasubset of the rstcase. Inother words, the
0-shift coef cientsatlevels N —1,N —2,..., N —t are circu-
larly shifted in the horizontal direction by 2t~ 1w, 2¢=2u, . .., u,
respectively. On the other hand, aN k¥ is veri edto be an odd
shift of the blur details at level V — t Therefore atlevel N — k&,
a; " can be evaluated using the following modi cation of (7)
[see (9) shown at the bottom of the page].

Following the same steps as above, we get (10), shown at the
bottom of the page.

Note that the second case is the same as the third case where
t = 0. This gives rise to the following nal formula for evalu-
ating the a detail coef cients under a horizontal shift [see (11),

shown at the bottom of the next page].

IV. VERTICAL COEFFICIENTS FOR HORIZONTAL SHIFT

For this section and the next one, again we let s;, = 2tu be
a horizontal shift, where 0 < s;, < 28N — 1,0 <t < N, 2t is
the highest power of 2 by which sy, is divisible, and 0 < u <
2N=t _ 1 is an odd positive integer. Then forall k < ¢

case we set a; g, 10 0. Nk = bf\r(ﬂ’:q] Jok) 2N =k (12)
D]\T—l J21 D]\T 1 J371 DN 1
m,j1 %2N -1 +2 Z m,n%2N -1 =2 Z m,n%2N -1
’ n=j1+1 n=j2+1
i e — Z 92k—1
m=2k—14
. 1. S . . S . S
where j; = 2" 1j+[§J, — ok 2(2J+1)+HJ, gy = 28~ 1@+1)+[§J ®)
ok—t(;11 N—t N—t N—t N—t
v DD (ANt AN ) = (AN e+ AN v
@i Gnew — Z 4k—t
m=2k—14
k t k—t—1(9,; k—t/ +
. 7+ sn 2 274+ 1)+ sp 2 74+1)+ s,
where j; = 7,- J2 = ( ) y J3 = % C))
2 2
Jj2—1 Jjz—1
N—t—1 N— N—t—1
(Dm ]1%2N t—1 + 2 Z D %2N t—1 2 Z Dan%zN—f—l
n=j1+1 n=j>+1
. ok=t=1(;41)—1 ~DN AL - afi;f;{) Nomn 200 - a;‘i’j;%;,wl>
G/i,jnevx, = _kaitill (2 X 4k—t—1)
k—t—1 Sh . k—t—2/c - Sh . k—t—1/ - Sh
where j; = 2¥ "1+ bmJ Je=2""2(25+ 1) + L2t+1J’ Ja =210+ 1)+ [QtllJ (10)
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To compute the bi\’]"; coef cient for k£ > ¢ after a horizontal

shift, we write bfvj:"w in terms of the coef cients at level N —
t [see (13), shown at the bottom of the page]. Equation (13)
de nesawindow that encloses the blur coef cientsat level N —¢
that fall between the two corners (25~%, 2kt + s, /2¢) and
(2F=t(i+1),257t(j + 1) + s, /2%), which are the same bounds

used to compute a;, * in (11). b, * is found by summing

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 17, NO. 7, JULY 2008

each row of blur coef cients in the upper half of the window
and subtracting the sum of each row in the lower half. Fig. 2(b)
illustrates the computation of b3 , using the blur coef cients at
level [ = 3 under a horizontal odd shift of one.

By substituting (1), (3), and (4) in (13), and combining the
result with (12) we get the coef cients of the shifted signal [see
(14), shown at the bottom of the page].

. N—k
k>trag;
Jj2—1 Ja—1
N—t—1 N—t—1 N—t—1
(st S il -2 8 o
n=j1+1 n=ja+1

_DN—t—l

2k—t=1ei41)—1
(i+1) m,ja %2 N —t—1

N—-t—1
— Oy igpan -1 T 20 G gon

N-—-t—1 N—-t—1

T O %2 -t

)

>

m=2k—t—1;

922k—2t—1

. . N-k _ N—k
k<t:ap; = @i (tsp /28)%2N —k
. I Sh . NS . Sh . NS . Sh
where j; = 2871715 4 [2t+1J7 ja =222+ 1) + [WJ ja=2""1G+1) + bmJ (1)
2k=t=1(9;41)—1 N—t N—t
Nek _ & (Am,h%wff Tt Am,(jrl)%zN*i)
iy Jnew 5 Ak—t
ok—=t(;41)—1 N—t N—t
D) (Am,jl%w\H +-t Am,(jzfl)%ZN*t)
- k—t
m=2k—t—1(2i41) 4
2 gdsy 24T+ s
where j; = =2 T gy - = U LT (13)
Not—1 B2t N
<Dmu‘£%2NH +2 3 Do gani
n=j1+1
kt—2 N—t-1 N—t—1 N—t—1
Nk 2 (2i+1)-1 +Dm7j2%2N—t—l - am’j1%2N7171 + am1j2%2Nf1)
k>t+1:b; " = ;, B 92k—2t—1
m=2k—t—13g
Not—1 b N
<Dm jll%2N*t*1 +2 Z Dm.n%2”*f*1
’ n=j1+1 ’
2M§+1>1 D v —ah aﬁfjggml)
o 2k—2t—1
m=2k—t=2(2i+1) 2 t
pN—k _ N-k
i, Lsn /28 %2V —F T Ci (o [sn /28 ]) %2V —F
N—k N—k
Nk 05 G4 Lan /20 1Dy man ¢ T Cvt,<j+Lsh/2kJ+1>%2Nk>
k=t+1:b;; " = 2
G N—k _ 3 N—k
k<t:b; ;" = bi.,(j+s;l/2")2"’**'
where j, = 2k—t=1; 4 | 2% o =2M 1+ 1) + Sh_ (14)
.71_ J 2t+1 ’ .72_ .7 2t+1
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TABLE |
COMPARISON WITH OTHER METHODS: ACCUMULATED RESIDUAL ERRORS IN ROOT MEAN SQUARE (RMS)
AFTER SEVERAL SUCCESSIVE SHIFTS (SEE TEXT FOR MORE DETAILS)

V. DIAGONAL COEFFICIENTS FOR HORIZONTAL SHIFT Equation (16) de nes a window which has the same bounds

N—k N—k ;

Similar to 5 and 12, we can apply the following equation ~Used to compute a;’; " and b;'; " in (11) and (14), respec-
when the horizontal shift sy, is divisible by 2*: tlvrely. By examining the example in Fig. 2(c), one can see that
Cf\,j:fw is computed by summing the rst half and subtracting the

et = cf.\f(;iSh/Zk)%zN,k. (15) second half of each row in the upper half of the window, while
subtracting the rst half and summing the second half of each
To compute the c; coef cient for & > ¢ after a horizontal  row in the lower half of the window, hence, (16).
shift, we write c i — in terms of coef cients at level N —¢ [see By substituting (1), (3), and (4) in (16), and combining the
(16), shown at the bottom of the page]. result with (15), we get (17), shown under (16).

N k

k—t—1c; _ N—t N—t N—t N—t
AL ((Am agev—t o A G - i) (Am posian— T A G g f))

Nk _ ;
Cijnew — Z Akt

m=2k—14
28t (i41)—1 N—t N-— N—t N—
g ((Am,aa%zwt o AL e ) B (Am,a’z%zf“”r A Gam - ))
- fh—t
m=2k—t=1(i+1)
k t k—t—1 - k—t(;
. j+sn .2 27+ +sn . 2G4+ 1) + sy
where j; = T J2 = of , J3 = — ot (16)
Jj2—1 jz—1
N—t—1 N—t—1 N—t—1
<l)rn.,j1%2”"'1 +2 Z Dm n%2N—t—1 -2 Z Dm n%2N—t—1
n=j1+1 n=jz>+1
e to20 1y N—t—1 _ g V-t-1 N—t—1  _ N—t—1
2 ! (21’+1) 1 m,j3%2N7t71 %2N t—1 + 2 _] %2N t—1 aj3%2Ntl>
k>t+1:c) Jnew = Z 92k—2t—1
m=2k—t=14
DN—t—l + 2 JQZ_I DN—t—l -9 JSZ_l DN—t—l
m,j1 %2N —t—1 — m,n%2N—t-1 g m,n%2N—t-1
n=j1+1 n=j>+1
2P (411 _DT]X;;O;};N—t—l - aNrytzzf -1 T 2aNryt2N1 t—1 aj'\;%tQNl—t—l>
- Z 92k—2t—1
m=2k—1-2(2i41)
pV—k _ Nk
i,(7+ Lsn /28 ])%2N —Fk i,(3+sn/2%])%2N —k
_bN—k _ CN—k
i e 4,(J+sn /28 | +1)%2N —k i,(J+ Lsn /28 |+1)%2N —F
=t+1: ca]new_ 2
N—k _ N—k
k<t:cion, = Ciljten /20 )%an—r
where j; = 2k t-1; 4 | % jo = 2671225 4 1) 4+ | SR | gy =2kt 1) 4 | SR (17)
J1 = J ot+1 |’ J2 = J ot+1 |’ J3 = J ot+1
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h>t+1:
N
<DLm/N'—t—1J,U1%2N’tl/N/—t—1J+2n ;_i_lDLm/’ t—1],|n%2N' —t—1/N/—t—1]
et 1, N N
Nk -1 2 _§+1DL JN/—t—1],|[n%2N'=t=1/N'—t—1] DLm/N’—t—lJ,Lj3%2N’—f—1/N’—t—1J>
iinew Z 92k —2t—1

m=2k—t-14

h<t+1, k>t:

<DN’—t—1 P ”i DN —t-1 _9 jSil DN'—t—l

m,j1 %2N —t—1 negrt1 m,n%2N’'—t—1 negat1 n%2N'—t—1
k—t—1,: N’ —t—1 N —t—1 N —t—1 N —t—1
N/—k ’ (1+1)_1 _Dm=j3%2N,7171 N amyjl%ZN/7t71 + 2 a])Vle =1 am7j3%2N/t1>
idnew Z 92k—2t—1
m=2k—t—1;
N'—k N'—k
h<t+1, k<t:q dnew = @ (jhsp /2R) 02N~k
. k—t—1; Sh . k—t—2(0c Sh . k—t—1;: Sh
where j; = 2 ]+[2t+1J7 J2=2 (2]+1)+[FJ7 J3 =2 (]+1)+LﬁJ (18)
<DN N
[m/N’—t—1],[j1%2N'~t=1/N'—t—1]
J2—1
+2 _JZ+1DLm/N’ t—1],[n%2N' —t=1/N’/—t—1]
1
k—t—2(6 _
Nk 2 (2i+1)-1 +DLm/N’ t—1],|jo%2N —t=1/N’'—t— 1J>
h>t+ L, k>t+1: bz Jnew Z 922k—2t—1
m=2k—t—-15
N =Yy
(DLm/N/—t—u,Lj1%2N’—t—1/N'—t—1J +2 n_;ﬂ DLm/N’—t—lJ,Ln%ZN’—f—l/N’—t—lj
=J1
k—t—1(:11y_ N
2 (i+1)—1 +DLm/N’tlJ,sz%ZN’f’]/N/tlJ)
B Z 92k—2t—1
m=2k—1=2(2i+1)
j2—1
N —t—1 N'—t—1
(Dmyjl%QN'tl 2 —§+1 Dm,n%ZN'*“l
1
e t—2 e N —t—1 N —t—1 N’ —t—1
. 2k=t=2(2i41)—1 —1—1)77%],2%2,\,,471 — am,jl%zN'*f*‘ + amij%QN,t1>
h<t+17 k>t+1: bwww_ Z 22k—2t—1
m= Qk t— 11:
7 J2—1 ’
N’ —t—1 N —t—1
<Dmaj1%2"’"1 + 2n §+1Dm,n%2’v’***‘
k—t—10: 0 1y_ N'—t—1 _  N'—t—1 N'—t—1
S G R +“m,j2%2N'tl)
B Z 92k—2t—1
m=2k—1=2(2i+1)
N’ —k _ Nk
i,(G+ Lsn /2% ]) %62 =+ i+ Lsn /2% )2V =k
N'—k
+b . 3 7 + !
i,(j+Lsn /28 [+1)%2N" —+ 1(J+Ls:/2"J+1)‘7 2N ’”)
h<t+l, k:t+1 b]\; k: h © 2 h )
N’ —k N —k
h<t+1, kE<t:b o =0 i (s /26) %28 =k
. k—t—1 . s . k—t—1/; Sh
where j; =2 J+ {FJ’ J2 =2 G+1)+ [WJ (19)
h
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