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ABSTRACT

A method has been proposed for blindly estimating the Point
Spread Function (PSF) of video data. The PSF’s of the im-
ages in a sequence are assumed to be of compact support and
hence admit FIR modeling. The zeros (roots) of the Opti-
cal Transfer Function (OTF) - i.e. the Fourier transform
of the PSF - are first estimated by locating the singularities
of the magnitude of the cross power spectrum. These roots
are then used for spectrum factorization leading to complex
polynomial approzimation of the OTF. It has been shown
that a 2D spectrum can be factorized under the assumption
of local isotropy around the roots.

1. INTRODUCTION

Estimating the PSF blindly is a challenging problem under-
taken by numerous researchers in recent years. To overcome
lack of sufficient information (i.e. blindness), a priori infor-
mation need to be introduced. The following approaches
can be identified in the literature:

1. Parametric model fitting approach [4][7][8]
2. Optimization-based approach [1]{14][15][21].
3. Adaptive estimation [12][13]{18]

4. Using higher order statistics [2][10][11]

All these methods, in fact, introduce the a priori informa-
tion by imposing empirical models either on the actual PSF
or the statistics of the PSF and the input signal. The use of
higher order statistics in recent years has proven to be a very
efficient approach, but at the cost of increased complexity
and non-Gaussianity assumption of the statistics of the in-
put signal. The approach adopted in this work is based on
using cross-statistics rather than anto-statistics, and hence
increased efficiency is achieved without increased complex-
ity. Clearly the method would then require at least two
observations of the same signal.

The proposed method is based on identifying the zeros
of the OTF and factorizing the spectrum. The idea of char-
acterizing the PSF by finding and using the zeros of the
OTF is, in fact, relatively old [8]. The approach, however,
has been abandoned due to the difficulty of detecting the ze-
ros of the OTF in noise. Use of a denoising stage proposed
in later literature [5}[7] does not improve the estimation
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of the zeros either, as was originally reported in [3], too.
Herein, we will demonstrate that the zeros can be readily
identified using cross-statistics rather than the spectrum of
the observed signal itself. Moreover, it will be shown that
the spectrum factorization in 2D has an asymptotic solution
although no direct solution is known. The following section
will describe the method followed by a section in designing
a simple stable inverse filter for testing the method. Results
are illustrated in the final section.

2. MODELING THE PSF

In this section, we will define our model for the PSF (or the
OTF). We will then develop a method for the blind esti-
mation of the OTF. As we will see in the next section, the
proposed method is particularly applicable to video data,
since it requires two images with only relative shifts between
them. In fact, in video sequences transformations between
successive frames can be closely approximated by shifts and
a small rotation angle which can be compensated by regis-
tration.

We will show below how an adaptive PSF model can
be built assuming local isotropy. For this purpose we will
assume that the OTF of the imaging system is linear shift
invariant and of finite duration and hence can be repre-
sented by a FIR filter:

h(u) = Z crezp(—i(u, k)) 1)
keT
where cx’s are some constants, (,) is the usual inner prod-
uct in IR?, and T is a discrete compact subset of IR%.

As is well known [16], due to the fundamental theorem

of algebra, in the univariate case the transfer function k can
be factorized as the product of its roots. Clearly & is then
specified up to a scale factor, if its roots are known. Unfor-
tunately, due to general inability of factorizing polynomials
in higher dimensions, this simple convenient factorization
of the spectrum in univariate problems does not extend to
higher dimensions. However, we will show that for the 2D
case the problem can have a solution in an asymptotic sense.
We start by assuming that the zeros of our OTF occur at
isolated points’. Since the OTF is then either locally convex

1In general, the zeros of an entire function of two or more
variables do not have to be isolated. However, in practice they
can typically occur at isolated points [19].
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or concave around its zeros, one may assume local isotropy
around a small neighborhood of the roots. The following
results will show how a two dimensional spectrum with iso-
lated zeros can be factorized.

Proposition 2.1 Let {(n}ncz be a set of isolated points
in C™. Then any function defined over C™, which is locally
isotropic around these points, can be decomposed into a sum
of functions, each globally isotropic around only one distinct
point in the sei.

The existence of such a decomposition under appropri-
ate boundary conditions is obvious. However, the decompo-
sition is not necessarily unique, suggesting that the inverse
may not necessarily be true. In fact counter examples can
be readily found.

Theorem 2.1 Let hx (u, v) be the spectrum of a band-limited
function vanishing outside a compact support T C IR%. Let
also hi(u,v) be isotropic around the point (ux,vx). Then:

lim brh(u,v) = exp(—iwty) (2)
by —0

where w = ((u — ux)® + (v — vk)z)% and
tk = (23 +y§)§' with (zx,yx) € T.

See the Appendix for proof.

Let us, now, assume that the OTF is locally isotropic
around its roots then according to Proposition 2.1 we can

write:
i;(u,v) = Eizk(u,v) 3)
k

where each by is globally isotropic around one distinct root
of h. We shall denote the roots of & by the set
{(uk, vk)}xex, where K is a compact index set.

Therefore, under local isotropy assumption:

fl(u, v) = Zake:cp(—iwtk) where ar =b;'  (4)
k

To physically interpret this convergence at the limit, note
that bx’s define the radii of local isotropy around the roots of
the OTF. Therefore the more local is the isotropy the better
the OTF can be approximated by an expansion of the form
in (4). This assumption of local isotropy, clearly relaxes
the severe constraints usually imposed in the literature by
global symmetries.

2.1. Spectral Factorization

In classical literature this term is used when it is required
to find a function whose power spectrum is known. The
problem has a solution if the power spectrum satisfies the
Paley-Wiener condition {17]. Below, we will use the term
in a more general context where two functions are sought
when their cross power spectrum is known. We will show
that the solution can be found if the functions are of com-
pact support (e.g. FIR filters). Support constraint condi-
tion is clearly equivalent to Paley-Wiener condition due to
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the uncertainty principle [17].

From the expansion in (4) and the fundamental theo-
rem of algebra, it immediately follows that:

h(w,0) = AJJa - 2™ (5)

where A and cx’s are some constants and z = ezp(iw) =
o
exp (i ((u —up)® + (v~ vk)z) ’).

Clearly, the factorization is only valid if cx’s are identi-
cally equal to unity. Therefore, if the roots of the OTF are
specified, then the OTF is known up to a scale factor. We
will deal with the scale factor shortly. Let us first see how
the roots of the OTF can be estimated from two observa-
tions of the same scene.

Consider the case where an object function has been
observed by two systems modeled as follows:

§1=hfy (6)
g2 =hafo (M

where £ is a shifted version of fi, k1 and ko are the the
OTF’s and §; and §. are the observed image spectra”.

We can now notice that the magnitude of the cross
power spectrum will be given by:
| 5183 |=c| hih3 | wherec=lAl=|f]  (8)
Therefore, since both izl and izz are assumed to be
FIR filters, the poles of the cross power spectrum will be
uniquely determined by the roots of 2. In practice this im-
plies that the roots of k2 will be present in the form of some
singularities appearing as a set of spikes scaled at different
frequencies. In other words the roots can be identified by
simple inspection of the magnitude of the cross power spec-
trum. Figure 1 shows an example of these spike patterns.

Figure 1: Typical spike patterns appearing in the magni-
tude of a cross power spectrum corresponding to isolated
zeros of one of the OTF’s

2When f; and f» are uniformly bounded away from zero on
their support, then by replacing ha by hy + A1 fy and hz by
ha + fiz f; (* denoting the conjugate) one can inciude a noise
process in the model, too.



To determine the scale factor A, we will assume that
the OTF preserves the mean value, and hence:

_ 1
A= T =ean(=im)

where vk = (u} + v,%)lz"

(9

Therefore, by identifying the singularities (spikes) in the
magnitude of the cross power spectrum, we can completely
specify the corresponding OTF.

3. A PSEUDO-INVERSE FILTER

Although the main issue in this work is the estimation
and not the inversion of the PSF, we shall devise a simple
method for constructing a pseudo-inverse filter ¢. One may
consider several approaches for stable pseudo-inversion, for
instance by using an approximation around the origin. Us-
ing the biorthogonality condition (A$ = 1), we can derive
the following identity:

1+ ' =h(+a)71 (10)
A first order expansion of the left hand side around the
origin will yield:

1-¢+0(@*) ~h(14+h)™! (11)
and hence: R
@ o~ _{l_‘__ (12)
T hhr 4 b

which has some resemblance to the standard Wiener filter.

4. IMPLEMENTATION AND RESULTS

We have implemented the above method and applied it
to successive frames in video data. Every two frames are
first registered and rotation compensated using the meth-
ods proposed in [6] and [20]. Some resuits are shown below.
Note that the result of applying the pseudo-inverse filter
only partially reflects the performance of the PSF estima-
tion, since there is a performance loss due to the fact that,
only a pseudo-inverse filter could be constructed.

Figure 2: (a) A blurred image, (b) its inversion
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(b)

Figure 3: (a) A blurred image, (b) its inversion

(b)

Figure 4: (a) A blurred image, (b) its inversion

Appendix

Proof of theorem 2.1: First, a well known result is ap-
plied by the following change of variables to polar coordi-
nates:

v — vk = wsin(p)
y = tsin(9)

u - up = wcos(p)

z = tcos(f) (13)

which leads to the following representation of the Fourier
inversion theorem for h:

hk(t)exp(—itpk)=/oo whi()Jo(tw)dw  (14)

where px = ugcos(8) + vxsin(8), kr(w) = hx(u,v) stands
for the Hankel transform of hx(t) = hi(z,y) and Jy is the
zero order Bessel function of the first kind.

Applying Hankel inversion theorem we then find:

-~ bk
hk(w)=f thi(t)exp(—itpr)Jo(tw)dt (15)



where by is the radius of local isotropy.

Since at (u,v) = (ux,vk) we have hx(w) = 0, we can
write:

by
/ thi(t)ezp(itpr)dt = 0 (16)

Substituting from (14) into this last integral equation, we

will get:
7% o
/ t/ why (w)Jo(tw)dwdt =0
o 0

which after changing the order of integration will yield:
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=S by
/ whk(w)/ tJo(tw)dtdw = 0 (18)
0 0
Using the well known identity:
a
/ t]o(t)dt = tJl(at) (19)
0
we deduce that:
by
/ tJo(tw)dt = 2ES1(0k) (20)
A w
Therefore:
had -~
/ bkhk(w)Jl (bkw)dw =0 (2])
0

Finally, using the following integral relation for Bessel func-
tions of the first kind [9]:

ii("‘“)

/O‘o.o],,(bw)e:cp(:}:iwa) = = (a - \/ﬁ)" (22)

a? —b
we conclude that:

blimo brhi(w) = ezp(—iwty) (23)
e

1 . .
where tx = (z + y2)7 and (zx,yx) is a constant vector in
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