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A1 = 0.9, andXs = A3 = 0.05. The covariance matricd®; andR Noise Suppression by Removing Singularities

are the same as the previous example, and
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. . . . . Abstract—A method is proposed for suppressing Gaussian noise by ex-
The robustness of our adaptive receiver is further tested in spheficting local singularities. The method is based on truncating Riemann

cally invariant random process (SIRP) noise and sub-Gaussstable  series decomposition, whose components naturally characterize different
noise. For SIRP noise, we chose the Lapléice= 1), K-distribu- orders of Holder regularity. The approach yields a single-step filtering tech-
tion ® = 1, » = 0.3), and Student-(b = 1, v = 1) distribution nique whose performance is comparable to three-step wavelet decomposi-
' o ’ . . tion and thresholding techniques.

from Table | of [4]. Both the SIRP and sub-Gaussian noiseRse

as the underlying covariance matrix. Other parametershare: 2, Index Terms—Fractional singularities, Hélder exponents, noise suppres-
m = 1,andS; = —S, = [1]. Performance is given in Tables IV andS!°™
V, respectively. All the simulation results are based on 500 runs with
each run involving 1000 bits. In all the examples, performance of the
optimum receiver using the true parameters is also given for compar- ) ] o o
ison. For sub-Gaussian noise, the receiver suggested in [5] is used ad"€ literature on noise estimation and suppression is remarkably
a comparison. It can be seen that in all cases, performance improfig8: This makes the classification and comparison of the existing
asT increases. Near-optimum performance is achieved when enod'@ﬁthOdS somewhat difficult. Classical linear and nonlinear methods
training data is availableI{ = 1000). The robustness of our adaptiveca@n be broadly divided into two main categories of statistical fil-
receiver is easily explained by the fact that Gaussian mixture densiti@§ng techniques and Fourier-domain methods. Statistical filtering
with enough mixing terms can approximate many non-Gaussian disfgchniques include the L-estimators [16], [19], [26], the M-estimators

|. INTRODUCTION

butions with high accuracy. [10], [9], and the more recent techniques based on higher order
statistics [20], [22], [25]. The Fourier domain methods are based on
the extraction of regularity by imposing some growth conditions on the
signal, which reduces the space of admissible solutions to functions
[1] R.A.Rednerand H. F. Walker, “Mixture densities, maximum Iikelihoodof given type and order, e.g., entire functions of exponential type [8],

iggi_he EM algorithm, SIAM Rev. vol. 26, no. 2, pp. 195-239, Apr. [21], [28], functions of polynomial growth [2], [11], [15], etc. In these

[2] J. A. Fessler and A. O. Hero, “Space-alternating generalized EM algBi€thods, regularity is defined in a global sense based on Riemann’s
rithm,” IEEE Trans. Signal Processingol. 42, pp. 2664-2677, Oct. lemma (see [13, pp. 95-96]). Noise removal is then achieved by a
1994. filtering technique assuming a different rate of convergence for the

[3] Y. Zhang and R. S. Blum, "An adaptive spatial diversity receiver fog, jer coefficients of the regular and the irregular portions of the
correlated nongaussian interference and noisePtat. 32nd Asilomar

Contf. Signals, Syst., Computol. 2, Pacific Grove, CA, Nov. 1998, pp. NOIsy signal.

1428-1432. Recent efforts on the subject have been mostly divided into two lines
[4] M. Rangaswamy, D. Weiner, and A. Ozturk, “Computer generation af research. One is based on modeling signal/image denoising as a dif-

g?/rsrte I\{;Ié?dSTOSSaTSZTflga%;ClluétgdsE BE Trans. Aerosp. Electron. fysjon process [4], [5], [14], [17], [18], [27], and the other is based on
[5] G. A. Tsihrintzis and C. L. Nikiaé, “Dat.a-adaptive algorithms for signaFhe concept. of removing local singularities usi-ng Wavelet-b_ased ”_“_"“'

detection in sub-gaussian impulsive interferendEEE Trans. Signal Scale techniques [1], [6], [7], [12], [23], assuming that the singularities

Processingvol. 45, pp. 1873-1878, July 1997. are relatively isolated.

In wavelet-based multiscale techniques regularity/singularity is de-
scribed locally using Holder exponents (to be defined in the next sec-
tion). Wavelet-based multiscale methods propose a three step approach:

2) decomposition;

3) characterization followed by some sort of thresholding;

4) reconstruction.

Our motivation in this work is to use the notion of local Holder regu-
larity but combine these three steps into a single step in order to reduce
the problem to that of filtering the noisy signal, as with most other ex-
isting methods. An obvious approach would be to find a method that
decomposes signals directly in terms of components that automatically
separate different orders of singularity. In the following section, we set
the theoretical background and derive some analytic expressions for
this purpose. This will be followed by the implementation and the re-
sults, with some concluding remarks at the end.
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Il. REMOVING ISOLATED SINGULARITIES We will assume, hereafter, thatn{a} = 0. The next theorem gener-

Lo Lo . lizes our result to noninteger order singularities.
Our aim in this section is to show that under some signal regulari : . .
g g %)Theorem I1.2: Let f(z) be a function defined ot with a set of

conditions, isolated singularities (due to for instance noise) can be ye- . ) ) . .
- ) ' . . o {Possmly denumerable) isolated noninteger or integer order singulari-
moved by filtering. We first consider integer order singularities an

then generalize the results to noninteger orders. The order of a sin %?.tlnl aﬁdltt:on, let T:te ncransllng_llflharnpc;;]norllpbﬁ bri?dr:m;'tﬁg a?(tjhab-rin
larity is given by its Holder exponeiat defined as follows. olutely Lebesgue Integrable. Then, the Fourer transiorm of the prin-

Definition 11.1: A function f(#) is said to be Lipschitz or H6lderian cipal part of its Riemann series expansion satisfies

of ordera atto (o €]0,1]) if for an arbitrarily smalle there exists a folu) = lim f(u)K(u) 7
positive finite constant such that &’17170
o u . LT .
1F(to) = F(to + )] < clel”. &) A = (r (vesp(=it) = exp (i - ’9») ®

It follows that for« €]0, 1], the function is singular &, and for whered = (7/2)(1 + «) sgr(«), and sgn is the signum function.
a = 1, it is differentiable at,. Higher order regularities (and lower See the Appendix for proof.
order singularities) can be defined by< o < k + 1, wherek # 0 is This result shows that the spectrum of the singular portiofi cdin
an integer. be factorized as the product of the spectrumy aind that of a filter
A singularity is called of integer order if its HOlder exponent is agiven by (8). This is equivalent to first expanding a signal in a series
integer and is said to be isolated if the following definition applies. whose terms are in an ascending order of Holder exponents and then
Definition 11.2: If f onC is analytic everywhereonadige= {z: removing the unwanted singular terms by truncation.
0 < |z—z0] < A1}, exceptat = z, thenz is said to be an isolated
singularity of f, andD — {zo} is said to be a deleted region of. . | MPLEMENTATION AND RESULTS
Here, analyticity is to be understood in terms of Cauchy’s integral . , .
theorem [24, p. 75]. We will show below that isolated integer-order To apply the results for denoising, we need to consider o issues.

singularities can be removed by extracting the principal part (i.e., thiyst rfecalllthat tEe Gau§|s(|jan noiseisa nowheridlﬁefrentlablg congn-
singular part) of the Laurent series, provided tfigiatisfies some reg- uous function whose Holder exponents are uniformly negative [12],

ularity conditions. The principal part of the Laurent serieg @ given whereas regular functions are uniformly positive Hélderian. Secondly,

by we have
- u
= lim K(u) = j(u — 2) (9)
fp(:/)zza_,» z—z) . 2) al—1 1+u
r=t Therefore, fory | —1 the following filter will extract the regular por-
tion of f:

The following theorem gives our first result.
Theorem I1.1: Let f(z) be a function defined oft with a set of ) N 1 . 1

(possibly denumerable) isolated integer order singularities. In addi- ultlfl 1= K(u) = T+a2 “Tra (10)

tion, let the nonsingular portion of be bandlimited and absolutely ‘ ‘

Lebesgue integrable. The Fourier transform of the principal part of Ladere,1/ (1 + «*) is the spectrum ofL/2) exp(—|z|), which is not dif-

rent series expansion ¢f =) at any singular point satisfies ferentiable at the origin. However, the second term in (10) can exist in
Cauchy principal value sense, in which case, the impulse response
f'p(u) = f(u) < - ) (3) ofthe filter in (10) will converge to a right-sided exponential, which is
tu—1 separable and is real whesris restricted to the real line. Therefore, for
where the hat sign stands for the Fourier operator. real signals, if we for instance require a zero-phase response, we can
See the Appendix for proof. apply the following separable filter:
As discussed later, in general, singularities of signals and noise are . 1—su 1
not limited to integer orders. Therefore, since the filtgiu — 1) h(w) = 1| it 11)

cannot extract noninteger order singularities, the above result is of no _ )
practical interest in signal processing. However, a natural extension ¥4pch can also be frequency scaled in order to take into account band-

be found by using the Riemann series expansion as follows: width variations
- 1
> h(u) = ——— wheres € RT. 12
Fy= 3 ar(z— =) @) Y T © 42
e Many simulations for one— and two-dimensional (1-D and 2-D)
where signals have been performed, some of which are given in Figs. 2—6.
DI f(s) Results have been compared to denoising by soft thresholding using
o= ——=2=b I (5) Daubechies’ symlet wavelet bases (see [3, pp. 251-287]). Simulations
Pl +7r+a) show that our filter has an excellent performance comparable to
where wavelet-based techniques. Extensive experiments have also been
D+ fractional derivative operator of order+ a with respect performed with classical filters, e.g., moving average and Wiener
i to = — b: filtering, which due to lack of space have not been presented here.
@ arbitrary complex number; Results show the superiority of our filter to classical filters, particularly
r Euler's gamma function. in low SNR.
The fractional derivative of is given by Cauchy’s integral formula
taken around any closed rectifiable Jordan curve IV. CONCLUSION

D £ — T(l+r+4a) [ f(z)d= In this correspondence, we have shown that removing Gaussian
—p fl2) = 2mi ]2 (z — z)lHr+a’ ®) noise singularities can be achieved by simple filtering. The filter is
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Fig. 1. Deformation of the contour of integration in Cauchy’s formula.

Fig.2. Testsignal, noisy signal (SNR 7 dB) and the restored signal (SNR

obtained by expanding the noisy signal in Riemann series and thle7ndB)'

truncating it to the regular portion. The spectrum of the truncated
version will then factorize into the product of the spectrum of thés
original signal and that of a denoising filter. "
The advantage of this approach to other decompositions, such
wavelet transforms, is that in Riemann series, each term naturally cha#
acterizes a different order of Holder regularity. On the other hand, sim135
these terms are organized in ascending order of regularity, a simf
truncation can separate the singularities. 3
However, in order to obtain a closed-form solution, we made th
analyticity assumption, which may affect the performance of the filte™
Nevertheless, the results demonstrate an excellent performance, pahz
ularly when the SNR is extremely low. At low/medium SNR, the pro-
posed filter outperforms classical filters and has a performance comg™
rable with wavelet-based techniques. 110

APPENDIX

Proof of Theorem 11.1: We first deform the contour of integration .
into a line joining an isolated singularity, and an arbitrary branch

20 40 E0 80 100 120

pointb in the analytic region around, (see Fig. 1). Fig.3. Testsignal, noisy signal (SNR 1 dB) and the restored signal (SNR
~ 13 dB).
8] z i-
a_p = / f(—)(i wherer > 1 (13)
p (2= z0)t7T

We will evaluate (13) in the Fourier domain. For this purpose, notsr equivalently
that if Re(b) > 0 andr > 1, then

1 > h(z Kp(—bz r - Q—y — ; /
(iu)™" = %13}) ) / ( )iTE’( ) folu) = (; “a_—l)'> * (I,Zl bopr(r = 1)!)

X exp(—izu)dz (14) _ Z iy kb (18)
whereT.(-) is the Heaviside function applied to the magnitude of its I
argument. N )
The last term can be simplified as follows:
Therefore
acr = (r — D)in) " f(w). (15) D doexboy
r/#r
Letb_, = (z — z0) ". By Fourier transforming both sides, we get for — Z((iu)”f(u)) % (exp(—iuzo)
allr > 1 T
r—1 —
b_, = exp(—iuzo)(2h(u) — 1)( ) (Hll))' (16) X (ZE(u) - (=1)" (”1)’ l)
and hence = Z ((“1) f(u))(exp(—l(u — u0)z0)
o0 r/#r
folu)=> a—r xb_, x (2h(u — uo) — 1)(=1)" (iu — iwg)” ") du

= i < “_‘ ) s (b_p(r — 1)) (17) => / ((7u)™"f(u)) | exp(=i(u = uo)z0)

r/%r
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(b)

Fig. 4. (a) Test image. (b) Noisy observation (SR 2.6 dB). (c) Our filter (SNR~ 11.5 dB). (d) Soft thresholding using a Daubechies’ symlet wavelet
(SNR ~ 11.2 dB).

(b) (© (d)

Fig. 5. (a) Test image. (b) Noisy observation (SMR—2 dB). (c) Our method (SNR~ 8.5 dB). (d) Soft thresholding using a Daubechies’ symlet wavelet
(SNR ~ 9 dB).

(b)

Fig. 6. (a) Testimage. (b) Noisy observation (SR dB). (c) Our filter (SNR~ 9 dB). (d) Soft thresholding using a Daubechies’ symlet wavelet (SNR6
dB).

x (2h(u — uo) — 1)(—1)r, Z e (iu)k - ,rgrf(w *(exp(=ivzo)
e X (2h(a) = 1)(=1)" (i)~ 1)
X (iuo)rl_k_1> du = f(u)* Z(exp(—iuzo)

R '  (2h(u) = (1) G0y )
i Z / 7 f(U) <eXp(_Z(u ~ ) + Jf(u) * Z (exp(—iuzo)

T r’<r
’

,r —1 _ a . r—r—1
X (20 = uo) = 1)(=1)" 3" ey (i) X (2h(u) = D{=1)" (iu)" 77)
k=0 where” ¢, are the binomial coefficients, and is an arbitrary shift.
Since both terms converge to zero, we get
X (iwo)” " | du S i xbo. =0 (19)
r'#r
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